We consider the role of quark mass thresholds in quarkonium systems, which are formed by the binding of heavy quark-antiquark pairs and are manifest in the IfJ and Y families of mesons. Such systems provide a probe of the interactions of quarks in a region accessible to the predictions of perturbative quantum chromodynamics (QCD), as well as in the long range region where the interaction is expected to show confining behaviour consistent with our knowledge of light quark systems. A prescription for deriving an interaction linking these two limits has been developed by Buchmiiller, Grunberg and Tye (1980, 1981) and has been successfully applied to the IfJ and Y systems, leading them to suggest a value for the QCD scale parameter AMS" of 500 MeV. In this work we extend this formalism by incorporating the effects of allowing the virtual quarks which contribute to the interaction to have finite masses. These masses must be considered energy dependent, and it is found that while the properties of IfJ and Y states are insensitive to the detailed way in which the masses vary, the presence of mass thresholds has the effect of weakening the ability of this model to set the value of A MS ' with 500 MeV becoming an approximate lower bound.
Introduction
Historically, the charm quark made its first appearance when electron-positron storage rings had sufficient energy for the process e+e--+ hadrons to occur, through the creation of a quark-antiquark pair from a virtual photon. For energies sufficiently above each newthreshold the ratio R of the cross section for hadron production to the muon pair production cross section should be given by the sum over the squares of the charges of the energetically available quarks; O"(hadrons) = 3 L ~ ,
(1) the factor of 3 coming from the three colours for each quark. Above the ss threshold we find R = 3«2/3)2 + (1/3)2 + (1/3)2) = 2, but for centre of mass energies above 3 GeV the R value was seen to rise significantly (Litke et al. 1973; Tarnopolsky et al. 1974) , consistent with a charge +2/3 quark of mass around 1· 5 GeV/c 2 . In 1974 the J/I./J was observed (Aubert et al. 1974 ; Augustin et al. 1974 ) as a very narrow resonance in this process with a mass of 3097 MeV /c 2 and identified as the lowest lying cc bound state with the 0004-9506/91/060619$05.00 quantum numbers of the photon, JPC = 1--. Other states have subsequently been found, and their properties are listed in Table 1 . A parallel family for the bottom quark was revealed with the discovery (Herb et al. 1977) of the first three Y states at 9·4,10·0 and 10·4 GeV. The properties of the bb mesons are set out in Table 2 below.
The tfJ and Y families have already proved to be fruitful areas for the study of strong interactions. Their constituent charm and bottom quarks are sufficiently massive to probe the high energy-short range scales which can be addressed by the perturbative form of quantum chromodynamics (QCD), and a method has been proposed by Buchmiiller, Grunberg and Tye (1980, 1981;  hereafter BGT) for constructing apotential linking the short range domain (describable by QCD with a scale parameter A MS ) with a long range region incorporating linear confinement (parametrised by a 'string tension' k or the asymptotic Regge slope oc'). In QCD the basic interaction between a quark-anti quark pair may be described as gluon exchange modified by loops of virtual gluons and quarks. It was assumed in the BGT approach that only the three lightest flavours of quark (up, down and strange) contribute to such loops, these quarks being effectively massless. However the charm and strange quarks have constituent masses in the ratio mclms'" 3, so it must be questionable that we can simultaneously regard ms as zero and me as infinite compared with the entire range of energies involved in heavy quark binding. Accordingly in this work we incorporate finite quark masses in the BGT framework and investigate the consequences in applying the modified interaction to the masses of the heavy quarkonium families.
Potential Models for Quarkonia
The absence to date of any solid evidence of quarks existing outside a hadron has led to the speculation that the interaction may be described by a linear potential
with k being a constant linear energy density provided by the creation of quark-antiquark pairs as the original quarks are separated. Some support (Nambu 1974) for this idea can be found in the Regge-Chew-Frautschi relation
observed to apply between the highest orbital angular momentum L and mass M of systems of light quarks. The slope oc' has a value 0·8-0·9 GeVjc 2 , consistent with a model of massless quarks joined by a 'string' of linear energy density
Even if the linear potential is of some relevance to systems of light quarks it may not be so useful in describing states with heavy quarks, which might be expected to probe a shorter range part of the interaction. Therefore we will look at what the known energy levels of the charmonium and bottomonium families can tell us about the potential in the relevant range. Applying (Quigg and Rosner 1979; Moxhay and Rosner 1980 ) the semiclassical quantisation condition to a power law potential V(r) =7I.r v yields for states of principal quantum number n an energy
USing the observed ratio
for O<v<oo; for -2<v<0.
for I/J; for Y
suggests V:::l O· 1 for both systems, which is also consistent with the scaling law
deducible directly from the radial Schrodinger equation for constituent mass ,., in the potential (5), if we suppose that the coupling strength 71. is flavour independent. Such a potential has been applied by Martin (1980 Martin ( , 1981 to fit the 351 levels of the cc and bb systems, and the success of such low powered potentials is shared by the 'limiting case' of a potential depending logarithmically on r (Quigg and Rosner 1977, 1979; Machacek and Tomazawa 1977, 1978) . Another successful potential is obtained by Simply superposing (Eichten et al. 1978 ) the linear potential with a Coulomb term which would be expected if the short range interaction is dominated by single gluon exchange, i.e. 
This form of the potential is supported by evidence from studies on the lattice (Otto and Stack 1984) and using bag models (Haxton and Heller 1980; Aerts and Heller 1981) . A systematic study Ooshi and Wignall 1982) of a superposition of power law potentials V(r) = Ar P + Br'l + C (11) found that the I/J and Y states could be well fitted with values of p and q lying on a family of curves in the (p, q) plane smoothly linking the Martin potential (p = 0, q = 0·1) with a range of partly Coulombic potentials (Le. p = -1). The key to success in describing the cc and bb spectra for such apparently varied forms of potential is suggested by a plot of some of them with their 'best fit' parameters (Fig. 1) . This shows that in the range r:::l 0·1--1 ·0 fm (within I II 1111
10-1 100 r(lm) Fig.1 . Examples of successful quarkonium potentials: (a) A+ByO·1 (Martin 1980 (Martin , 1981 ; (b) logarithmic (Quigg and Rosner 1977) ; (e) Coulomb plus linear (Eichten et al. 1978 ; (d) present work modell, equivalent to the potential of BGT (1980 BGT ( , 1981 . The potentials (a), (b) and (e) have been shifted to coincide with (d) at r = 0·5 fm. The rms radii shown are from Buchmiiller and Tye (1981) . which the root-mean-square radii of the sub-threshold states lie) the 'good' potentials are quite similar. The potentials we have discussed so far all treat the quarks as if they were spinless. Considering them as spin 1/2 objects leads to level shifts due to the interaction of their spins with each other and with the orbital current. The mass of a state can be written (12) where Mo arises from the central potential while LlELS, LlET and LlEhf are respectively the spin-orbit, tensor and hyperfine splittings. From the expected spin structure of these splittings we can extract 'centres of gravity' for some groups of levels:
(13) (4) Using the tp and '1c masses in Table I 
In the case of the bb system, two full triplets of Xb states are known (Table 2) and their centres of gravity are from (14) MoOP) = 9900 . 
Width ( 
QeD Based Potentials
In principle one should be able to deduce the properties of quarkonium systems by direct application of a fundamental theory of quark interactions, which QeD is presumed to be. Presently however perturbative QeD in the continuum can only describe the weak coupling limit. As was noted above, we have some indications from light quark systems of the strong coupling -or long range interaction required. A prescription for linking these limits in such a way as to satisfactorily model the heavy quarkonia has been presented by BGT and it is this prescription we shall follow and extend_ Suppose one wishes to calculate a Green's function [in) for a process with n external momenta, using QeD in a renormalisation scheme in which the coupling g and the quark masses m; depend on a mass scale p. As fin) is an observable quantity it should not depend on the choice of p, so it satisfies the Callan-Symanzik equation
where dg Pg(g ,{m;/p}) = p dp ,
(19) (20) and yn is the sum of the anomalous dimensions of the n fields occurring in [in).
The quantities P and Ym} are universal functions appearing in the application of (18) to any Green's function, and from calculations of propagators and vertex functions to a given order perturbative expansions for these functions may be obtained.
It will suit our purposes later to make a change of variable to 2 p=~g_= CXs 16rr 2 4rr'
in terms of which P may be expanded as
In a massless theory with nr quark flavours the first two coefficients are given by (Gross and Wilczek 1973a, 1973b; Politzer 1973; Caswell 1974; Jones 1974) 
in which C2(G), C2 (R) and TF are colour group parameters which take the values 3, 4/3 and 1/2 respectively in QCD. If nr < 33/2 it is apparent that P is negative at small p and hence the weak coupling limit p-0 corresponds to p_oo, a property described as asymptotic freedom. Our intention is to find a static potential V(r) which has satisfactory properties at all distances and which can be used to derive masses of heavy quarkonium bound states: (25) by finding eigenvalues En of the Schr6dinger equation with a quark of mass mq. Accordingly a physical running coupling parameter p(Q2) is introduced which is a function of squared 4-momentum transfer Q2 and in terms of which the potential in momentum space is
Because to two-loop order the expansion (22). of the f3 function is universal the same expression with identical coefficients bo and bi will apply to the physical observable p(Q2), i.e.
From (22) and (27), for large Q2, we get
, corresponding in coordinate space to
If it is assumed that at large r the potential is linear, 
The constant K is related to k and the asymptotic Regge slope oc' by
Equation (27) is a differential equation for p(Q2) of which (28) and (31) represent asymptotic solutions for large and small Q2. The constants A and K correspond to choices for the boundary conditions at either limit but of course if f3(p) is specified there is only one independent boundary condition and there will be a relationship between A and K. It would be possible to choose a potential V(r) or a running coupling p(Q2) which had the correct limits and try to find a suitable A and K by hand but, by instead choosing an interpolating f3 function, this task can be performed more systematically.
BGT chose f3(p) to have the form 1 1
which has the asymptotic limits
As the f3 function for p(Q2) has not been established to three-loop order, I is treated as a free parameter. With this choice of f3 function the relationship between J\ and K can be found explicitly to be
with YE = 0·5772 ... being Euler's constant. For reference, knowing the one-loop contribution to the potential, we can also relate the J\ which appears above with the J\MS arising in the modified minimal subtraction scheme (BGT ; Susskind 1976; Fischler 1977) :
It was found that a potential derived from this f3 function gave a satisfactory description of the (jJ and Y level schemes and widths with the parameters 1=24 and J\ = 0·509 GeV.
Extension to Massive Quarks
The prescription described above makes the assumption that a certain number nr of quark flavours contribute to quark loops, these quarks being essentially massless, and that any heavier quarks that exist have effectively infinite mass as far as their contribution or rather non-contribution to p(Q2) is concerned. The series of quark masses is not however so strongly graduated that there is an obvious division into two such groups appropriate for all values of Q2 relevant to binding in quarkonia. The finite masses of the quarks will lead to threshold effects in p(Q2) and the influence of these thresholds on the bound state spectra requires investigation. The definition of the scale parameter J\MS assumes a definite number of active flavours and so the value of J\MS derived from an experiment will depend on which nr is relevant to the energy scale probed. For example in deep inelastic scattering experiments a typical energy range is Q2 "" 4 -+ 200 GeV2 in which case up to five quarks should be active. The EMC group (Aubert et al. 1986) found J\MS = 115~~~o MeV from muon scattering, while neutrino data (Diemoz et al. 1986 ) indicates 150 MeV < J\MS < 450 MeV. If we are to compare these results with a scale parameter determined from quarkonium spectra, where nr = 3 to 4, some account must be made of the transition through quark mass thresholds. Hagiwara et al. (1983, 1986 ) have investigated an interquark potential which incorporates loop corrections with fixed dynamical quark masses, and found that in such a model the quarkonium data no longer provide an upper bound on J\MS' Like the coupling CXs however, the dynamical quark masses cannot truly be considered as constants in QCD, and it is important to consider the consequences of dropping this assumption.
The finite quark masses which we introduce will be dependent on Q2, and the behaviour of the masses m;(Q2) and the coupling p(Q2) will be governed by a system of ordinary differential equations:
Q dp _ 2 dp
It will be necessary to select f3 and )lmj applicable for arbitrary values of their arguments but firstly we consider what perturbative QeD can tell us about the weak coupling limit. Georgi and Politzer (1976) found that to one-loop order the coefficient bo in the expansion (22) is replaced by
For small p, Georgi and Politzer showed that )1m; has the expansion
The calculation of f3 has been extended to two-loop order by Yoshino and Hagiwara (1984) who found that the coefficient b1 is replaced by
The function B1(X) is rather cumbersome, but can be approximated to ±0·005 over the whole range of x by
The three functions Bo(x), B1(X) and H(x) all approach 1 in the limit x--o and vanish as x--oo so it is easy to confirm that if Q2 was such that m~, ... ,m~f « Q2 «m~f+11'" then the forms of bo and b1 in (23) and (24) would be reproduced. In the mass dependent form though, they will behave as softened step functions as Q2 moves through the various quark mass thresholds.
In the light of the successes of the BGT potential we will employ their choice of f3 function (34) with bo and b1 replaced by the mass dependent forms (41) and (45) . This will facilitate comparison of results and assist in isolating the influence of the mass thresholds. Before attempting to put forward a model for )1m; valid for all values of its arguments, it is helpful to discuss the large Q2 behaviour of p(Q2) and )lm/(Q2) which follows from equations (41H46). Integrating the differential equation (39) using the weak coupling expansion (35) gives:
In a theory with a total of
o 00 P bo (oo) From the weak coupling form of )1m; in (43) and (44) (53)
The question of the low Q2 behaviour of the fermion masses is an awkward one. Cornwall (1980) In a theory with linear confinement and zero bare quark mass the effective quark mass is infrared divergent, but this divergence is cancelled in the mass of colour singlet states (25) by a divergence in the potential. What remains in the Q2 -+ 0 limit is an effective mass The relationship of this mass to the constituent mass and the effect of non-zero bare masses is not however clear and we shall allow for other possibilities for the behaviour of m¥(Q2).
In constructing )lm;(p,{m¥ /Q 2 }) it is to be expected that the m¥ /Q 2 dependence will be qualitatively similar to the function H(x) in (44) and the simplest expedient is to suppose that )'mj is separable with H(mr /Q 2 ) applying to all orders, i.e.
)'mj = G(p)H(mr /Q2).
(57)
If we are to suppose that the masses have finite limits mjO at small Q2, then
H(mr/Q2) QL.O Q22 +O(Q4). 2miO
Combined with (31) we would then require
for some dimensionless constant C. One possible function satisfying (43) and (59) is
This function uses the parameter I which occurs in the f3 function of equation (34), so avoiding the introduction of further free parameters. A second possibility is to suppose that the weak coupling limit
applies universally. In this case mj(O) is infinite:
where Mr is an arbitrary constant.
Whatever the choice of )'mj the boundary conditions for the masses are those used by Georgi and Politzer (1976) . For heavy quarks the e+e-cross section discussed in the introduction undergoes observable increases as the centre of mass energy goes through quark production thresholds, at which energies we can say that the constituent masses are given by
These constituent masses will also serve in solving Schrodinger's equation for the bound state masses and will have the values mb::': 5 GeV, me::': 1· 5 GeV, ms ::.: 0·4 GeV. We shall also postulate a top quark of mass around 40 GeV. Even though experimental data (Abe et al. 1990a (Abe et al. , 1990b now rule out a top quark this light, this choice was made to facilitate comparisons with existing potential models.
The u and d masses cannot be so readily defined by this criterion and instead Georgi and Politzer argued that 64) and that from the breaking of chiral symmetry to produce the rr and K masses mU,bare md,bare 1 ---:::<---:::<20· ms,bare ms,bare (65) In practice the numerical solution of the differential equations is started at Q = 0 and the parameters selected there are adjusted until the conditions (63)- (65) are satisfied. In addition to the two choices for )'m/ discussed above two other cases are considered; firstly, that the masses are constant and, secondly, that bo and bI go through sharp steps at the thresholds or equivalently are zero below and infinite above their thresholds. Although these models are not realistic they have the advantage of constituting the extreme cases within which the true mass variation should lie. For purposes of comparison all of these have in common the position of the mass thresholds.
The Static qq Potential and Its Bound States
For a given choice of {3(p,{mr /Q 2 }) and )'mj(p,{mr /Q 2 }) the functions p(Q2) and mj(Q2) are obtained by a numerical solution of the set of ordinary differential equations (39) and (40) The Fourier transformation is performed numerically. Because the computed v(r) becomes inaccurate at very small r, V(r) is replaced for r < ro = 0·02 Gey-I by the leading term of the short range potential (29), normalised to match at ro:
With this potential and the chosen c and b threshold masses the Schrodinger equation can be solved numerically, the parameters being adjusted to fit the centres of gravity of the eelS, 25 and IP states and the bb IP and 2P states listed previously. The leptonic decay width for a bound state of mass M with wavefunction l/1(r) is given by the van Royen-Weisskopf formula (Karplus and Klein 1952; Barbieri et al. 1975; Celmaster 1979) 
where ex is the (electromagnetic) fine structure constant. In taking ratios the effects of radiative corrections should largely cancel but some error due to relativistic effects will remain, expected (Buchmiiller and Tye 1981) to be around 30% for cc states and around 10% for bb states.
Several models have been employed according to which quark mass thresholds have been included, and four different ways of treating the mass thresholds have been considered: (A) Masses run according to equation (60) and are finite at Q = O.
(B) Masses run according to equation (61) and are infinite at Q = O.
(C) Masses are constant. (0) Masses are zero below, and infinite above, the threshold. The position of the thresholds is kept the same for cases (A)-(O).
Modell: no thresholds
The first model considered is identical to that used by BGT in that u, d and s quarks are treated as massless and no other flavours are active. The best fit was obtained with K = 0·0178 GeV 2 (corresponding to k = 0 ·149 GeV2, ex! = 1 ·07 GeV-2) and 1=27. As we are fitting centres of gravity these differ slightly from BGT's optimal parameters. Because there are only three active flavours bo(oo) = 9 and b1(oo) = 64, and by applying (51) to the large Q values of p we find A = 0·777 GeV which, using (38), implies A MS (nr=3) = 0·526 GeV.
To produce the spectra listed in Tables 4-6 the masses me = 1·47 GeV, mb = 4·89 GeV and mt = 40 GeV were used. 
Model 2: c, b, t thresholds included
Here the u, d and s quarks were kept massless but the c, band t quarks were allowed finite masses, with threshold values of 1·47 GeV, 4·89 GeV and 40 GeV consistent with the constituent masses used in model 1. It was found that the same parameters (K = 0·0178 GeV 2 , I:; 27) as in model 1 were called for to fit the known centres of gravity, and virtually identical masses for these states were obtained. As can be seen in Table 3 , this applied for all the treatments of the thresholds considered. The full spectra for model 2A are presented in Tables 4-6 as representative of these, and it is apparent that the effects of the heavier quark thresholds become at all significant only in the tt spectrum and the lowest lying bb state. The effect of p(Q2) can be seen in Fig. 2 to increase only gradually with Q above the c threshold, becoming significant only at energies where p is quite small. The value of A however, being associated with the behaviour of p(Q2) at very large Q2, is affected by the thresholds. Because this model is a six quark theory then bo(oo) = 7 and b i (00) :; 26, and for model 2A it was found that A = O· 193 GeV. Corresponding values in models 2B and 2C were A = 0 ·194 GeV and 0 ·191 GeV respectively, from which equation (38) tells us AMS (nr=6) = O· 149 GeV.
The spectra obtained in this model demonstrate that for the distance and energy scales relevant to cc and bb binding it is a good approximation to consider the c, band t quarks to be sufficiently heavy to 'decouple' (Appelquist and Carazzone 1975) from the interaction, which can be satisfactorily described by an effective theory with three active flavours. In the tt system the consequences of making this approximation will cease to be negligible. The c, band t threshold masses were again set at 1 ·47 GeV, 4·89 GeV and 40 GeV respectively and now the u, d and s quarks were allowed finite masses. The s threshold mass was chosen to be 0·4 GeV and in model 3A where the masses run in accordance with equation (60) the boundary 10·263  10·263  10·292  3S  10·363  10·362  10·389  0·32  0·32  0·31  2D  10·442  10·442  10·471   3P   10·535  10·535  10·563  4S  10·623  10·623  10·649  0·27  0·26  0·25  3D  10·682  10·682  10· 711   4P   10·767  10·767  10·795  5S  10·848  10·848  10·874  0·23  0·23  0·22  4D  10·895  10·895  10·924   5P   10·975  10·975  11·003  6S 11 ·051 11·050 11·077 0·21 0·21 0·20 For any given I, K was required to be of similar magnitude to that used in previous models; for the particular case 1 = 200 for which we have quoted spectra (Tables 3-6 ) the optimal value of K was 0·0180 GeV 2 . For this case u and d threshold masses of 0·02 GeV satisfied the large Q2 criterion (64) when model 3A was used.
The level schemes for model 3A are, allowing for a uniform shift induced by further fine tuning of the constituent masses, representative of the other models within about 10 MeV and describe most of the observed states fairly well. The model has some difficulty with the IP state of the cc system, where relativistic effects are likely to be Significant, and with the erratic variation of the spacings between S states above the Djj and BB thresholds, which has been attributed Tornqvist 1984) to coupling to Okubo-Zweig-Iizuka allowed decay channels.
As before the different methods of handling the Q2 dependence of the masses had negligible impact on the energy levels. As the mass variation is very slow in model 3A (see Fig. 3 ) the similarity to the 3C results is not surprising; the agreement with 3D is more informative. In Fig. 3 the influence of the s threshold at 0·8 GeY in particular is observable and it appears that this influence is reflected in thespectra. At the u, d threshold though the dominance of the linear part of the potential is such as to reduce the influence of these masses. Because of computational difficulties, only the s, C and b thresholds were included in model 3B; the results of this and the other models suggests that this is not a significant omission.
The implication that the limit 1-00 is desirable for reproducing cc and bb spectroscopy corresponds to choosing the potential of Richardson (1979) modified to include finite mass effects. However, because the sensitivity of the energy levels to I is not great, it is difficult to state a firm preference for any value of I. The tt levels though are somewhat more strongly dependent on I and if this model were applied to any such states which may be discovered a more definite conclusion may be possible. The QeD parameters J\ and J\MS are closely related to I and although equation (37) no longer applies a quantitative relationship was found by examining p(Q2) obtained using fixed quark masses with K = 0·0178 Gey2; this is shown in Fig. 4 . By progressively removing the t, band c thresholds to infinity similar graphs for J\Ms(nf) with nf = 5, 4 and 3 can be obtained, and these are also shown in Fig. 4 .
In view of this relationship between J\MS and I, the indeterminacy of I which occurs when light quark thresholds are considered translates to an inability to draw a strong inference of the value of J\MS, except to say that AMS (nr=6) > 170 MeV [A MS (nr=3) > 500 MeV] seems to be favoured. The absence of an upper bound is consistent with the findings of Hagiwara et al. (1983, 1986) .
Conclusions
Drawing together all the models we have discussed it is clear that a staticpotential which incorporates linear confinement requires a 'string tension' of k", 0·15 GeV2 (Le. K", 0·018 GeV2, oc' '" 1 . 06 GeV2) in order to successfully reproduce the spectroscopy of the cjJ and Y families. The introduction of c, b and t thresholds has little effect on these states indicating that at the range of energies relevant to the binding of these systems the creation of virtual heavy quark-anti quark pairs is not significant, and that these families may be successfully described by an effective theory with three active flavours. Bound states of a postulated t quark of mass around 40 GeV would however probe short enough ranges for at least the C threshold to become relevant.
The inclusion of u, d and s thresholds at finite energies on the other hand does disturb the intermediate-rangepotential sufficiently to suggest that if we maintain the present prescription the short range parameters may be required to be larger than the values 1= 24, AMS (nr=3) '" 500 MeV assigned to them by BGT. However, because on inclusion of light quark thresholds the optimal potential appears to lie slightly outside the parameter space of this prescription, it may be possible that with a slightly different choice of f3 function a more definite prediction of A MS may ~merge.
Finally, we have considered a number of fairly simple ways of allowing the quark masses to vary with Q2. The close similarity of the spectra emerging from these models demonstrates that we have not suffered through our ignorance of the true energy dependence of the masses, and that to satisfactorily incorporate finite mass effects it will suffice to nominate the positions of the thresholds.
